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A SYNTHETICAL DEMONSTRATION of the RULE 
for the QUADRATURE ^SIMPLE CURVES, 

in the Analyjis per Equationes terminorum numero infinitas. 
By the Rev. M. YOUNG, D. D. 



JL/OCTOR Wallis, about the year 165 1» having met with Read March 
the mathematical writings of Torricelli, in which, amongft 
other things, he explains Cavalerius's attempt to render the 
ancient method of Exhauftions more concife by his Geometry 
of indivifibles, conceived that an Arithmetic of infinites might 
be applied to the contemplation of curve lines with fuccefs $ 
and that perhaps the quadrature of the circle, were it at all pof- 
fible, might finally be attained in this manner. What led him 
to thefe expedations, as he tells us in his dedication to Ough- 
tred, was this : the ratio of the infinite circles of a cone to 
as many of a cylinder on the fame bafe and of the fame 

altitude. 
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altitude, was known, viz. as I to 3 ; but all their diameters in 
the triangle through the axis of the cone, to as many in the pa- 
rallelogram through the axis of the cylinder, as 1 to 2. In like 
manner it was known, that all the circles in the parabolic conoid 
were to as many circles in a cylinder as 1 to 2; but all the dia- 
meters of the former to thofe of the latter as 2 to 3. It was 
alfo manifeft, that the right-lines of the triangle were arithmeti- 
cally proportional, or as the numbers 1, 2, 3, &c. therefore, the 
circles of the cone (being in a duplicate ratio of their diameters) 
as J, 4, 9> &c. Alfo the circles of the parabolic conoid (being 
in the duplicate ratio of the ordinates, that is, in the ratio of 
the diameters) were as 1, 2, 3, &c. therefore their diameters as 
V'i, v^2, v% &c. He therefore hoped, that from knowing the 
ratio of a feries of circles or fquares (which is the fame thing) 
to as many equals, he fhould be able to difcover what was the 
ratio of their diameters or fides to as many equals ; and that if 
this were once proved univerfally, the quadrature of the circle 
would follow of confequence. For as it was already known, 
that all the parallel circles in a fphere were to as many in a 
cylinder as 2 to 3 5 if it could be from thence difcovered what 
was the ratio of the fum of all the diameters of the one to 
the fum of all the diameters of the other, the quadrature of 
the circle would be attained; as the former fum conftitutes the 
area of the circle, and the latter the area of the circumfcribed 
fquare ; the geometrical problem being thus reduced to one 
purely r arithmetical. Obferving then the analogy between the 
terms of certain infinite feries, and the ordinates of certain 
curves, he difcovered rules for finding the fums of thefe feries, 
and confequsntly attained the quadrature of thofe curves whofe 
ordinates were proportional to the terms of thefe feries. In 

this 
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this enquiry he began with the rfiore fimple fenes, firft confidefing 
arithmetical progreffions ; then he proceeded to thofe whofe 
terms were as the fqiiares, cubes, biquadrates, &c. or as the 
fquare roots, cube roots, &e. of the terms of thofe arithmetical 
progreffions. He afterwards confidered thofe progreffions whofe 
terms were as any dimenfion whatfoever of the terms of the 
arithmetical progreffions ; that is, the indices or exponents of 
whofe dimenfions were as any numbers, integral, fractional, or 
furd, whether pofitive or negative. He confidered thefe pro- 
greffions as confifting of an infinite number of terms* the laft 
term, which represented the laft ordinate of the curve, being 
fllill finite ; and the intermediate terms from o to the laft, being 
infinite in number, reprefented ordinates applied to the axis, 
at infinitely fmall and equal diftances, between the vertex and 
laft ordinate. Or perhaps thefe terms reprefented any other lines 
right or curve ; or any plain or curve furfaces, in the cafe 
of folids, which were proportional to them. At length, by an 
indu&ion of particulars, he came to this general theorem, which 
is the 64th of his Arithmetica Infinitorum, " In any infinite 
" feries of quantities beginning from o, and continually increaf- 
" ing according to any power whatfoever, whether fimple or 
" compounded of fuch as are fimple, the ratio of all the terms 
" of fuch a feries is to as many times the greateft, as unity to the 
" index of that power increafed by unity." And this is the fame 
in fubftance with Sir I. Newton's firft rule for the quadrature 
of fimple curves, in his Anal, per Equat. t. n. infin. which was 
inveftigated, in the manner juft now mentioned, by an induc- 
tion of particulars by Wallis, but which Newton demonftrated 
univerfally by an indefinite index, as was his manner, compre- 
hending, in one general propofition, all thofe particular cafes which 

E others 
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others had demonftrated with limitations. In the analytical de- 
rnonftration however which he has given of this thorem, 
certain quantities are omitted as being indefinitely little ; and 
therefore it is not delivered with that a*ji&tu^ which is required in 
fubjedts of this nature. Fermat has given us a fynthetic de- 
monftration of this theorem, which Dodor Horfely has infert- 
ed in his notes on this trad of Newton, but it is fo tedious and 
prolix, that even the analytical is preferable to it. I fhall here 
give a fynthetical demonftration alfo of the fame general pro- 
portion on the principles of prime and ultimate ratios^ a method of 
reafoning which Newton feems to have had fome idea of even at 
the time of his writing this Analyfis, in the year 1669, though 
probably he did not bring it to perfection until eighteen years after, 
when he firft published the Principia. 



RULE I. Q,UAD. of SIMPLE CURVES. 

Plate in. Let the bafe AB of any curve AD have BD for its per- 
pendicular ordinate • and let AB=X, BD=Y - y alfo let a be a given 

m 

quantity, and m, n, whole numbers. Then if Y=aX~ir, it fhall 

m-f-n 

be, area ABD = — — X~*~. 

m+n 

Let DC, AC, drawn through D and A parallel to AB and DB, 
meet in C; draw the ordinate db indefinitely near to DB, 
meeting CD in s; and through d draw rp parallel to AB. Since 

Yj= aXs the moment of Y will be equal to the moment 

of 
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am 



of aX n ; that is, y = X n x, by Cas. 5. Lem. 2. B. 2. 

Principia. Now the redangle sDBb is the redangle under 
the ordinate and moment of the abfciffe, that is, Yx ; and 
the redangle CDpr is the redangle under the abfciffe and mo- 
ment of the ordinate, that is, Xy ; therefore bD : Cp :: Yx : Xy ; 
that is, fubftituting its value for y, 



as Yx : X n x 

n 5- 

am 5-; 

or as Y : X n 

n 

in m_ m 

or as aX n : ^lX n , that is, as 1 to — , 

n n 



Br a like procefs it may be fhewn, that if AB be divided 
into an indefinite number of parts, and upon each there be 
conftruded a redangle ob in the fame manner as on bB, 
and through g there be drawn t q parallel to the bafe ; the red- 
angle ob will be to the correfponding redangle rq ultimately 

in the given ratio of 1 to — . Therefore the fum of all 
b n 

the indefinitely little redangles sB will be to the fum of the 
correfponding redangles Cp, in the fame ratio ; therefore the 

curve ADB is to the curve ACD as 1 to — , Cor* Lem. 4. 

n 

B. 1. Prin. and the curve ADB to the redangle ACDB, as 

i to—-; but the redangle ACDB = YX = aX— -j there- 
n D n 

E 2 fore 
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fore the curve &DB is to aX~7* as i to , and * therefore 



n m+n n 



equal to * aX ; . Q. E. D, 

n m+n *" 



If the ordinate BD be oblique to the bafe, the area, found 
as above, muft be diminifticd in the ratio of radius to the 
fine of the angle made by the ordinate and bafe. 

This demonftration being admitted, the whole dodrine of 
quadratures becomes a braneh of prime and ultimate ratios,, 
and confequently of pure geometry. 

We are to obferve, that the reafon why the curves treated 
of above are perfedly quadrable is, becaufe the re&angles in- 
fcribed in the curve are to the refpedive re&angles inferibed 
in the exterior fpace, ultimately, in a given ratio, whence the 
curve will be to that fpace (Cor. Lem. 4. Prin.) and confe- 
qtiently to the circumfcribed re&angle, in a given ratio. But 
this is not the cafe in the circle, which therefore is not quad- 
rable by this method, at leaft in its prefent ftate. But though 
the ratio of the re&angles inferibed in a quadrant to their 
correfponding re&angles in the exterior fpace of a circumfcribed 
fquare perpetually varies from the beginning of the quadrant 
to the end, yet this variation is regular, beginning from the 
finite ratio of 2 to 1, and conftantly approaching the infinite 
fatio of 1 to nothing. The law of which approach may be 
thus determined : 



If 
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If a fquare APCO he circumfcribed about a quadrant ACO, pl * te IIT - 

Fig. 3. 
and the radius AO be divided into any number of equal parts 

whatfoever, and on thefe parts redangles as moBD de ere&ed, 
and infcribed in the quadrant, and through the extremities of the 
ordinates nrn, BD, right lines tp. rB be drawn parallel to 
the radius AO, and thus as many correfponding re&angles, as 
rBtp, be infcribed in the exterior fpace : then the breadth of 
thefe re&angles being diminifhed indefinitely, each rectangle in 
the quadrant will be to its correfponding redangle in the ex- 
terior fpace as DR to DO, that is, as the fum of the radius 
AO and the fegment DO between the centre and ordinate to 
that fegment. 

Let the abfcHTe AD=X * the ordinate BD=Yj the dia- 
meter AR—a, 



Y a =aX-X\ from the nature of the circle. 
Therefore 2Yy=ax-2Yx (Lem. 2. B. 2. PrinA y — 

but moBD is to Brpt as Yx to Xy. 

aXx-sX'x 



that is, as Yx to 
that is, as Y to 



aaX-X** 

aX-2X* 

aaXTx^i 



that is, as £}Tx^ to ^£=t 

2 a A — A k 

that is, as 2aX-2X* to aX_2X* 

or, as a-X to ia-X, or as DR to DO. 



In 
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In A, the extremity of the diameter, DR is to DO as 2 to i ; 
as D approaches O, this ratio continually encreafes, and in O this 
ratio becomes 1 to nothing. 

Hence if the radius AO be divided into any number of 
equal parts, and there be conftituted a feries of fra&ions, whofe 
numerators are the natural numbers increafing from unity to 
that number of parts, and whofe denominators are the continua- 
tion of that feries ; then the re&angles infcribed in the circle 
will be to the refpe&ive re&angles in the exterior fpace, ulti- 
mately as 1 to the fucceffive terms of this feries beginning with 
the leaft. Thus, fuppofe the radius divided into 8 equal parts, 
then the ultimate ratio of the correfponding rectangles from 
the beginning of the quadrant will be the ratio of 1 to the 
terms of the following feries : 

87654321 
— -, — , — , — , — , — , — , . — . 

16 15 14 13 12 n 10 9 



On fimilar principles we may demonstrate the following theo- 
rem in the Analyfis Equationum f &c. in a much more fimple and 
elegant manner than by the method of fluxions, 

Plate in. Let ALE be an ellipfe, whofe £ tranfverfe axis is CL, 
Pig " 4 ' i conjugate AC; let CB^x, BD=y, AC=c, and CL=t. The 
ultimate ratio of DG : GH, is the ratio of DB : BT, .\ ulti- 
mately, DG a :GH 2 ::Y a : BT\ 
t* 



y* = - i xc 1 -x* from the nature of the figure j 



BT = — x, andBT*=£- ^ 
x x~ 



. DG 
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v DG l =GH 4 x 

cr-c x" 

DH'zzHG^ + DG^GH'-hGH** ,*' f , =GH'x C +t' 

c -c x 



X* 



v DH = GHx^T c t I^ . . r 

—==k-=== ; that is, iuppofing c=i, t i -c 1 =a, 

and c* =b. 



^ i + ax 2 
DH = GH x —===== : or, the moment of the arch is equal 
Nl i - bx z H 



to the moment of the abfeifle multiplied into 



N i - bx 1 

Wherefore a curve, whofe ordinate is this latter quantity, in- 
creafes in the fame manner as the elliptical arch ; and confe- 
quently the area defcribed by that ordinate is analogous to 
the length of the elliptical arch ; fo that both may be denoted 
by the fame algebraical expreffion. 
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